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CR REGULAR EMBEDDINGS AND IMMERSIONS OF 
COMPACT ORIENTABLE 4-MANIFOLDS INTO 

MARKO SLAPAR 


Abstract. We show that a compact orientable 4-manifold M has a CR reg¬ 
ular immersion into C® if and only if both its first Pontryagin class pi (M) and 
its Euler characteristic x{^) vanish, and has a CR regular embedding into C® 
if and only if in addition the second Stiefel-Whitney class W 2 {M) vanishes. 


1. Introduction 

All maps and manifolds in the paper are assumed to be smooth and by compact 
manifold we also mean closed (without boundary). Let f: M —> A be an immersion 
of a real compact 2n dimensional manifold M into a complex n + 1 dimensional 
manifold (A, J). A point p s M is called CR regular for the immersion / if the 
complex dimension of f^^TpM n Jfi^TpM c equals the expected dimension 

n —1. Points on M that are not CR regular are called complex or CR singular 
points, and the complex tangent space at those points has the full dimension n. 

Definition. An immersion (embedding) /: M —» A is CR regular, if all points on 
M are CR regular for the immersion (embedding). 

Although it will also be obvious from the next section, we give a simple argument 
that gives a necessary condition for an oriented 4-manifold M to have a CR regular 
immersion into C^. Let f : M ^ be a CR regular immersion. Then L = 
n if^TM) M is a. complex line bundle on M. Let E ^ M he its 
orthogonal complement in TM (E is an 50(2) = t/(l) bundle). Since (£’(g)C)©L = 
/*TC^ is a trivial complex bundle, it follows from the Whitney sum formula for 
Chern classes that 

(1 + Cl {E (x) C) -f C 2 {E ® C)) u (1 -f Cl (L)) = 1. 

Since ci(£’(x)C) = 0, we have ci(L) = 0, and thus also C 2 (E{x)C) = —pi{E) = 0. So 
L is trivial and, since TM = L®E, xi^) = 0 pi{M) = pi{E) = 0. We have 
shown that if M can be CR regularly immersed in C^, is must satisfy x(M) = 0 
and pi{M) = 0. If, in addition, f : M ^ is an embedding, then by a result 
of Thom, the mod 2 Euler class of the normal bundle of M vanishes, and so by 
the Whitney sum formula, W 2 {M) also vanishes (we thank Peter Landweber for 
pointing this out). 
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The main theorem of this paper shows that the above conditions are also suf¬ 
ficient for the existence of CR regular immersions and embeddings of compact 
oriented 4-manifolds into C^. 

Theorem 1. Let M be a real compact orientable A-manifold. Then 

(i) M has a CR regular immersion into if and only if xi^) — 0 
Pi(M) = 0, 

(ii) M has a CR regular embedding into if and only ifx^M) = 0, pi{M) = 0 
and W 2 {M) = 0. 

The vanishing of the second Stiefel-Whitney class W 2 {M) (and M being ori¬ 
entable) is equivalent to M being spin. By Hirzebruch’s signature theorem we have 
a{M) = where a{M) = b^ — bf is the signature of (the intersection 

form of) M, so the vanishing of the first Pontryagin class Pi{M) is equivalent to 
(j{M) = 0. Since S'0(4)-bundles are determined by their Euler, first Pontryagin and 
second Stiefel-Whitney class, we get the following corollary of the main theorem: 

Corollary 2. A compact orientable A-manifold has a CR regular embedding into 
if and only if it is parallelizable. 

Examples. We give some applications of the above theorem: 

• Since every compact orientable 3-manifold Y is parallelizable, T x can be CR 
regularly embedded into . 

• No simply connected compact orientable 4-manifold can be CR regularly im¬ 
mersed into C^, since it always has the Euler characteristic at least 2. 

• CP^#CP #2(5^ X S^) can be regularly immersed into C^. In fact, any compact 
oriented 4-manifold can be immersed into after perhaps a connected sum with 
some copies of CP^ or CP^, and x or x 5'^. 

Remark 3. If M is a compact oriented 4-manifolds, then by a recent result of 
Jacobowitz and Landweber [^, the vanishing of the first Pontryagin class pi{M) 
is equivalent to M having both an independent map into and a totally real 
immersion into C^. 


2. Complex points 

We assume from now on that M is a compact oriented 4-manifold, and X is 
a complex 3-manifold, and let / : M ^ W be an immersion. Let Gf : M —> 
Gi 4 f*TX be the Gauss map of M into the oriented real Grassmann bundle of 
the pull-back of TX, and let (Pc/*r*X)± c: Guf^T^X be the subbundle of 
complex hyperplanes, with their orientation either agreeing (-t) or disagreeing (—) 
with the induced orientation from TX. By Thom’s transversality theorem, for 
generic / (which we also assume from now on), Gf{M) and (Pcf*T*X)- intersect 
transversally, and so M has only finitely many complex points by a simple dimension 
count. 

A complex point p e M is called positive, if at p, the manifold M intersect 
(Pc/*T*X) + , and negative, if it intersect {Pcf*T*X)~ ■, it is called elliptic, if that 
intersection is positive, and hyperbolic, if it is negative. Let e+(M) and h+{M) be 
the numbers of positive or negative elliptic or hyperbolic complex points on M. For 
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Lai indices, I±{M) = e±{M) — h±{M), we have topological formulas (|7]) in terms 
of Chern classes of X and Euler classes of the tangent and normal bundle of M: 

2/+(M) = (e(rM) ± C 2 {X)\m + e{NM) u ci(X)\m ± e{NMf)[M]. 

Since e{NMY = pi{NM) = pi(TX)\m —pi{TM), in the case oi X = C^, Lai 
formulas have a simple form 

2/+(M) = x(M)+pi(M). 

Since Lai indices are invariant under regular homotopy of immersions, the van¬ 
ishing of the indices is a necessary condition for the immersion to be regularly 
homotopic to a CR regular immersion. As a direct consequence of the Cancellation 
theorem ( 0 ) we have a converse statement: 

Proposition 4. Let f: M —>■ X be a smooth generic immersion (embedding) of a 
real compact oriented A-manifold M into a complex 3-manifold X. Let d be some 
metric on X and let e > 0. If I±{M) = 0, there exists a regular homotopy (isotopy) 
ft'.Mx [0,1] ^ X, so that 

(i) d{ft{p), f(p)) < £ for every t e [0,1] and every p e M. 

(ii) fi: M —>■ X is a CR regular immersion (embedding). 

Remark 5. The Cancellation theorem in [9] is proven for embeddings, but it is 
trivially adapted to immersions by passing to the normal bundle. The theorem holds 
in all dimensions and is essentially a consequence of Gromov’s convex integration 
(0)- For real surfaces in complex surfaces, this is a classical result of Eliashberg 
and Harlamov ([2]). 


3. Proof of Theorem [U 

The proof of the main theorem is a combination of classical results about immer¬ 
sions and embedding of orientable 4-manifolds into R.® and Proposition 01 While 
some of the arguments below are probably well known to the experts, we include 
them both for completeness and because we were not able to find them in print. 

Let us first look at CR regular immersions into C^. We have already seen that 
the vanishing of the Euler characteristic and the first Pontryagin class is a necessary 
condition for the existence of CR regular immersions. Let us look at the converse 
statement. 

By Hirsh’s immersion principle, an oriented compact 4-manifold M can be im¬ 
mersed into if and only if there exists an 5'0(2)-bundle L on M, so that TM@L 
is trivial [L is the normal bundle of such an immersion). By a result of Capped and 
Shaneson m), the existence of such an L is equivalent to the existence of an inte¬ 
gral lift a e H^{M, Z) of the second Stiefel-Whitney class W 2 {M), so that a u a = 
—pi{M). The cohomology conditions are obviously necessary. We sketch the proof 
of sufficiency (details can be found in [HI). Let L be an 50(2) = f/(l)-bundle with 
Ci(L) = a, W 2 {M) = a (mod 2) and a u a = —pi{M). Since TX©L is orientable, 
it can be trivialized over the 1-skeleton of M. The obstruction to trivialization over 
the 2-skeleton of M is precisely W 2 {TX © L) G iJ^(M,7ri(50(6)) = iJ^(M,Z 2 ), 
which by construction vanishes. Since 712(50(6)) is trivial, TX (B L can be further 
trivialized over the 3-skeleton of M, and the obstruction for the trivialization over 
the whole M turns out to be pi{TX ©L) G H‘^{M,'nz{SO{Q)) = iL‘*(M, Z). Since 
Pi{TX @L) = pi{M) ci(L)^ = 0, TX © L is trivial. 
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We now show that if pi{M) = 0, M can be immersed into R®. By Hirzebruch’s 
signature theorem, a{M) = 0, and by classification of signature 0 unimodular forms 
(see for example 0), the intersection form 

Q : Z)/Tor x {M,1)/Toi Z 

is equivalent to either fc<(l)© fc'y—1) or kH, where H = [? q]. Since every oriented 
4-manifold is spin'^, there exist an integral lift a e of W 2 {M). Let a = 

ap+OiT G H^{M, Z)/Tor©Tor be the splitting of a into the free and the torsion part. 
Let us first assume that Q is equivalent to /c<(l)©fc(—1), and let oi, 02 ,..., a 2 k be the 
corresponding basis of Z)/Tor. Let us write ap = niCi -f 71202 -)-•••-)- n 2 ka 2 k 

in this basis. By Wu’s formula, rij = Q{ap,aj) and Q{aj,aj) have the same 
parity for every 1 ^ j ^ 2k, so rij must all be odd. Define a = ai + 02 + 
• ■ ■ + a 2 k + ofT G Since the mod 2 reduction of 3 — a = {rii — l)ai 4- 

(712 — 1)02 + ••■ + (n 2 fc — l)a 2 fc is trivial, W 2 {M) = a (mod 2). We also have 

(a u 3)[M] = Q(ai + 02 + ■ ■ ■ + a 2 k, 01 - 1 - 02 - 1 --h 02 / 0 ) = 0 = -pi(M)[M], so M 

can be immersed in R®. For Q equivalent to kH, the proof is essentially the same, 
except that in this case, all Uj must be even, and we can just take a = ap- 

Let now M be an orientable manifold with x(M) = 0 and pi{M) = 0. The 
above argument gives us an immersion of M into C® and since 2/+(M) = x{^) + 
Pi(M)[M] = 0, we get that M can be regularly homotoped to a CR regular im¬ 
mersion by Propositional 

We now prove the statement about embeddings. By a theorem of Cappell and 
Shaneson ([I]), an oriented 4-manifold can be embedded into R® if and only if M is 
spin, x(M) =0andpi(M) = 0 (for a complete proof, see [8] ). Again by Proposition 
m such an embedding can be isotoped to a CR regular embedding. 

Remark 6. We can see from the proof above that if x(M) = 0 and pi{M) = 0, 
one can construct many regularly non-homotopic CR immersions into C® (unless 
iL^(M, Z) is completely torsion). If the intersection form of M is equivalent to 
fc{l) © we could, in the above proof, take any a = miOi + 771202 -I- • • • -I- 

Ri 2 fea 2 fc + ap, as long as all rrij are odd and m\ -t • • • -f 4- • • • 4- Tn\f.. 

If the intersection form of M is equivalent to kH, we could take any a = mioi 4- 
777,202 4- • • • 4- rn2k0.2k + OLp, as long as all rrij are even and m\ 4- ml 4- • • • 4- = 

m\ 4- m\ 4- • • • 4- m|^.. All these different choices provide us with regularly non¬ 
homotopic CR immersions, since they all have different normal bundles. 

Remark 7. For a final remark, notice that if a compact oriented 4-manifold M 
has a CR regular immersion into any complex 3-manifold {X, J), fM —* X, then 
TM splits as a direct sum of two SO{2) = C/(l)-bundles, TM = L®E, where 
L = f*fifTM n f*Jf^TX, and E its orthogonal complement in TM (in the case 
of A = C®, L is trivial, as we have seen in the first section). So M has an almost 
complex structure. A simple calculation using Lai’s formulas shows, that all CR 
regular embeddings into CP® are homologically trivial. 

References 

1. S. E. Cappell and J. L. Shaneson, Embeddings and immersions of four-dimensional mani¬ 
folds in R^. Geometric topology (Proc. Georgia Topology Conf., Athens Ga., 1977)^ 301-303, 
Academic Press, New York-London, 1979. 

2. Y. Eliashberg and V. M. Harlamov, On the number of complex points of a real surface in a 
complex surface, Proc. Leningrad int. Topology Conf. (1982),143-148. 


CR REGULAR IMMERSIONS AND EMBEDDINGS OF 4-MANIFOLDS INTO C 


5 


3. R. E. Gompf and A. L Stipsicz, and Kirby calculus. Graduate Studies in Mathe¬ 

matics, 20. American Mathematical Society, Providence, RI, 1999. 

4. M. Gromov, Partial differential relations. Ergebnisse der Mathematik und ihrer Grenzgebiete 
(3) Vol. 9. Springer-Verlag, Berlin, 1986. 

5. H. Jacobowitz and P. Landweber, Totally real mappings and independent mappings, 
arXiv:1302.2541 [math.CV]. 

6. R. G. Kirby, The topology of .^-mam/o/ds. Lecture Notes in Mathematics, 1374. Springer- 
Verlag, Berlin, 1989. 

7. H. F. Lai, Characteristic classes of real manifolds immersed in complex manifolds, Trans. 
AMS 172 (1972), 1-33. 

8. D. Ruberman, Imbedding four-manifolds and slicing links. Math. Proc. Cambridge Philos. 
Soc. 91 (1982), no. 1, 107-110. 

9. M. Slapar, Canceling Complex Points in Codimension 2, Bulletin of the Australian Mathe¬ 
matical Society 88 (2013), no.l, 64-69. 

University of Ljubljana, Faculty of Education, Kardeljeva Ploscad 16, 1000 
Ljubljana, Slovenia and Institute of Mathematics Physics and Mechanics, Jadranska 
19, 1000 Ljubljana, Slovenia 

E-mail address: marko.slaparOpef .uni-1 j .si 


